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Abstract Analysis of heart rate (HR) dynamics before, during, and after a physiologic stress has clinical
importance. For example, the celerity of heart rate recovery (HRR) after a cardiac stress test (eg,
treadmill exercise test) has been shown to be an independent predictor of all-cause mortality. Heart rate
dynamics are modulated, in part, by the autonomic nervous system. These dynamics are commonly
abstracted using metrics of heart rate variability (HRV), which are known to be sensitive to the influence
of the autonomic nervous system on HR. The patient-specific modulators of HR should be reflected
both in the response to stress as well as in the recovery from stress. We therefore hypothesized that the
patient-specific HR response to stress could be used to predict the HRR after the stress.

We devised a Markov chain model to predict the poststress HRR dynamics using the parameters
(transition matrix) calculated from HR data during the stress. The model correctly predicts the exponential
shape of poststress HRR. This model features a simple analytical relationship linking poststress HRR time
constant (Toff) with a standard measure of HRV, namely the correlation coefficient of the Poincaré plot
(first return map) of the HR recorded during the stress. A corresponding relationship exists between the
time constant (Ton) of R-R interval decrease at the onset of stress and the correlation coefficient of the
Poincaré plot of prestress R-R intervals. Consequently, the model can be used for the prediction of
poststress HRR using the HRV measured during the stress. This direct relationship between the event-to-
event microscopic fluctuations (HRV) during the stress and the macroscopic response (HRR) after the
stress terminates can be interpreted as an instance of a fluctuation-dissipation relationship. We have thus
applied the fluctuation-dissipation theorem to the analysis of heart rate dynamics.

The approach is specific neither to cardiac physiology nor to transitions between mechanical and free
ventilation as a specific stress. It may therefore have wider applicability to physiologic systems subject to
modest stresses.
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1. Introduction and overview tools (parametric or nonparametric correlation coefficients)
During a physiologic stress, the heart rate (frequency of
the heart)2 is modulated by both sympathetic and para-
sympathetic (vagal) branches of autonomic nervous system
(ANS) [1]. Using the familiar example of intense exercise,
the HR increases due to parasympathetic inhibition and
sympathetic activation. Reciprocally, during cooldown after
exercise, the HR decreases because of parasympathetic
activation and sympathetic inhibition [2]. It is believed that
parasympathetic effect is dominant [1,3-6]. The celerity of
heart rate recovery (HRR) after a stress has significant
clinical importance as a diagnostic and prognostic index
[7-11]. Imai et al [3] first demonstrated that HRR was faster
in well trained athletes but prolonged in patients with chronic
heart failure. HRR has been shown to be an independent
predictor of mortality [8,9,12-14].

HRR kinetics (“off-response”) are conveniently quanti-
fied with a time constant (Toff) obtained from the first order
exponential fit of HR data (see, however, Ref. [14]). A
corresponding time constant Ton obtained from the first order
exponential fit of HR acceleration characterizes the “on-
response” of HR to the stress. Compared to the recovery
kinetics, HR acceleration kinetics at the onset of the stress
has been studied less intensively [15-18].

Because the ANS modulates both the HR relaxation
dynamics during the HRR as well as HR fluctuations
(“variability”) under steady-state (“equilibrium”) conditions,
many studies (see, eg, Refs. [4,15,19]) have focused on the
assessment of HRR using different (especially vagal-related)
indices of heart rate variability (HRV)3 [20]. Given that both
reduced HRV as well as prolonged HRR are believed to be
predictors of mortality (or at least markers of reduced vagal
activity), a common hypothesis [15] is that the HRR time is
inversely proportional to some index or measure of HRV,

Toff HRRð Þf 1
HRV index

ð1Þ

To test that hypothesis, most of the prior studies (see,
however, Ref. [23]) have employed conventional statistical
2 In this report, the terms “(instantaneous) heart rate” and “frequency of
the heart” are taken to be synonymous. The first term, measured in beats per
minute, is common in physiology and medicine. The second term,
measured in hertz, is common in (bio)physics. The two differ only by a
factor. For consistency in the article, units of hertz are used throughout.

3 The term “heart rate variability” [20] is used to describe variations of
the time intervals TRR (usually measured in milliseconds) between
consecutive heart beats (so-called R-R intervals) not the instantaneous
heart rate fheart itself (fheart = 1/TRR). Thus, one should distinguish between
the measures of R-R interval variability (HRV) and HR variability (even
though there are one-to-one relationships between then). Throughout the
article (unless otherwise specified), we study only the fluctuations of the
instantaneous heart rate, not R-R intervals. More about the differences
between HR and R-R variability measures can be found, for example, in
Refs. [21,22].
to explore empirical correlations between HRR time
constants and different measures of HRV during (or after)
the exercise.

Herein, we adopt an alternative strategy, deriving the
relationship Eq. (1) theoretically rather than empirically
(statistically) inferring it from the data. We apply the
fluctuation-dissipation theorem, which relates the system
response to a relatively small perturbation to the fluctuations
in the stationary state of the system [24,25].

More specifically, we characterize a deliberate clinical
stress as a uniform perturbation of HR dynamics that
changes the HR to a new steady state. When the stress is
relieved, the HR dynamics relax towards the prestress state.
The stress is modest, justifying the use of a linear-response
formalism to predict the HR relaxation. We can then model
the relaxation dynamics by a Markov chain [26] with
Gaussian probability distributions calculated from the HR
data during the stress4.

We test the model predictions with data recorded
during spontaneous breathing trials (SBTs) of mechani-
cally ventilated critically ill patients in an intensive care
unit (ICU). Spontaneous breathing trials constitute well-
defined but modest physiologic stresses (see, eg, Ref.
[27] and references therein) that are (serially) used in the
ICU to determine patients' readiness for liberation from
the mechanical ventilator. Spontaneous breathing through
a long and somewhat narrow tube without mechanical
assistance requires incremental effort over nose and
mouth breathing (Poiseuille law). Not all patients
complete the full SBT, a clinical situation analogous to
the early termination of a cardiac treadmill stress test in
ambulatory patients.

The balance of this report is organized as follows. In the
next section, we review the SBT procedure; compare it to a
treadmill stress test; and describe patient selection, HR data
recording and preprocessing. In Section 3, we present the
derivation of the Markov chain model and discuss how the
model predictions are related to the standard HRR and HRV
measures. Then, in Section 4, we show the result of the test
of our model for the prediction of HRR in ICU patients
after the SBT. Finally, in Section 5, we consider the
limitation of both our clinical SBT data sets and the
developed model and highlight possible improvements and
generalizations of the proposed approach. We also discuss
other physiological signals and clinical procedures (both in
the ICU and elsewhere) that can be analyzed using the
4 A Markov chain is defined as a stochastic process with the Markov
property. The Markov property means that the probability of the future
states depend only on the present state and is independent of any prior
states [26]. Herein, it means that the instantaneous heart rate associated
with the current beat fully captures all information that could possibly
influence subsequent heartbeats. Thus, future instantaneous heart rates arise
through a probabilistic—not deterministic—process.



Fig. 1 Heart rate of patient P05 during the 2 h 30 m time
interval (before, during and after the SBT) (top, solid line).
Markov chain model prediction of the heart rate relaxation in
phase III (top, dashed line); Respiration rate of the patient P05
during the same time interval (bottom, solid line). Arrows on the
time axis (at the bottom) indicate the beginning and the end of
SBT. We divide the whole duration of the data set into four time
intervals, or “phases” (indicated on the figure as I, II, III and IV,
respectively, see text for details).
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proposed model. Based on the observations, we infer a
possible clinical importance of HRR dynamics after SBT.
The clinical relevance of HRR has not previously been
assessed even if the HRV changes during the weaning from
mechanical ventilator have been studied (see, eg, Ref. [28]).
Table 1 Demographics, sedation score and sedating medications at t

Patient Data set Ethnicity Sex A

P01 D01 Caucasian Male 36
P02 D02 Caucasian Male 61
P03 D03 Caucasian Male 52
P04 D04 Caucasian Female 45
P05 D05 African-American Female 17
P06 D06 Caucasian Male 69
P07 D07 Caucasian Female 71
P08 D08 African-American Male 22

D09 African-American Male 22
D10 African-American Male 22

P09 D11 Caucasian Female 52
P10 D12 African-American Female 34
P11 D13 African-American Female 69
P12 D14 Caucasian Female 32

D15 Caucasian Female 32
P13 D16 Caucasian Male 27

D17 Caucasian Male 27
P14 D18 Caucasian Male 61
P15 D19 African-American Female 80
P16 D20 Caucasian Female 37
2. Spontaneous breathing trial as a stressor

2.1. Spontaneous breathing trial procedure;
comparison to an exercise stress test

The SBT is standard clinical practice used to evaluate the
readiness of patients for liberation from mechanical
ventilatory support. The detailed description of the SBT
procedure used in this study is given elsewhere [29]. The
SBT is planned to be 30-minute period of spontaneous
ventilation bracketed by similar intervals of mechanical
ventilatory support. The total time (∼90 minutes) can be
recast into four subintervals or “phases” (Fig. 1). We
designate the subinterval from the beginning of each data
set to the beginning of the SBT as “phase I” (during this
subinterval, gas exchange is driven by a mechanical
ventilator and the heart rate is relatively stationary). The
SBT time interval is “phase II” (this time interval
corresponds to spontaneous ventilation, and the heart rate
is typically significantly higher in phase II than in phase I
owing to the sympathetic response to the stress). The
subinterval after the end of SBT when the heart rate is
relaxing to a new steady state value is “phase III.” Finally, the
subinterval from the moment when the heart rate becomes
stationary again to the end of the data set is “phase IV.”
Comparing an SBT to a typical ambulatory treadmill stress
test, phase I corresponds to the pre-exercise part of the stress
test, phase II (which is stress) corresponds to the exercise
itself, and phases III and IV correspond to the postexercise
part. HRR occurs as phase III.
he time of the breathing trial

ge Modified Ramsay
score (sedation level)

Analgesics and anxiolytics

4 None
3 Fentanyl, midazolam
3 Fentanyl
2 Fentanyl
2 Fentanyl
4 Fentanyl, midazolam
4 Fentanyl, propofol
4 Fentanyl, midazolam
3 Fentanyl, midazolam
1 Fentanyl, midazolam
2 None
2 Fentanyl, midazolam
4 Fentanyl, midazolam
4 Fentanyl, propofol
4 Fentanyl
3 Fentanyl
2 Fentanyl, propofol
2. Fentanyl, midazolam
1 Fentanyl, propofol
1 Fentanyl
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2.2. Patient selection; clinical conditions

Because the purpose of this preliminary study is to
investigate the heart rate relaxation after the end of SBT, we
used a convenience sample of 16 patients (coded alphanu-
merically from P01 to P16), chosen because their physiolo-
gical signals were mostly free of artifacts, who tolerated a
30-minute SBT without adverse physiologic consequence,
and whose heart rate significantly changed during the SBT.
Coincidentally, we collected 3 data sets for the patient P08
and 2 data sets for each of the patients P12 and P13. These
data sets correspond to the different SBTs performed at
different days. Thus, the total number of data sets analyzed
was 20 (theywere coded alphanumerically fromD01 to D20).

Sedating drugs routinely prescribed to relieve patient
anxiety were diminished or discontinued prior to the data
collection. Demographic data, sedation level (modified
Ramsay score), and sedating drugs prescribed to all 16
patients are collected in Table 1. This pilot study group
consists of 7 men and 9 women with age range from 17 to
5 In this pilot study, the goal was to predict the dynamics of the relaxation cu
average final heart rate seen in phase IV, which was frequently different than the a
in ambulatory stress tests. Predictions of the shape of the phase III relaxation base
but less accurate.
80 years (47.9 ± 19.2 years). This observational study was
approved by the Washington University Human Research
Protections Organization.

2.3. Data collection and preprocessing

A detailed description of the data collection and analysis
procedure can be found elsewhere [30] Briefly, we used
Philips IntelliVue M70 bedside monitors and Ixellence
TrendFace software (http://www.ixellence.com) to continu-
ously collect electrocardiogram (at 500 Hz sampling
frequency) and end-tidal CO2 (capnography) waveform (at
62.5 Hz sampling rate) as a respiratory signal. KubiosHRV
software (Biosignal Analysis and Medical Imaging Group,
Department of Physics, University of Kuopio, Finland) [31]
was used to extract heart rate intervals (R-R intervals) from
single-lead 500 Hz electrocardiogram signals. Heart and
respiration rates (frequencies) were computed as the inverse
of the beat-to-beat (R-R) and breath-to-breath intervals, for
example, fheart(k) = 1/TRR(k).
3. Markov chain model

3.1. Formulation of the model

The goal is to predict, using a Markov Chain model, the HR dynamics during the phase III (HRR) from (a) HR dynamics
during the phase II (SBT ) and (b) the final steady state value in phase IV.5

Pertinent to the model are 2 key assumptions about phase II. First, the probability distribution of the heart rate f(t) is a Gaussian.
Second, the joint probability distribution of the heart rate at times t − Δt and t (where Δt = tk+1 − tk is the “sampling time” [time
interval between consecutive data points]) is a 2-dimensional Gaussian (see Ref. [32]). These probability distributions are:

p f tð Þ½ � = 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2phd f 2ip exp � 1

2
d f tð Þ2
hd f 2i

" #
ð2Þ

p f t�Dtð Þ;f tð Þð Þ = 1

2p
ffiffiffiffiffiffiffiffijM jp exp � 1

2
d f t � Dtð Þ;d f tð Þ½ �TM�1 d f t � Dtð Þ;d f tð Þ½ �

� �
; ð3Þ

where δ f(t) = f(t) − 〈f〉, 〈f〉 is the mean HR (everywhere in the article, the brackets 〈 〉 define the average values), superscript T

signifies transposition, and M is the 2×2 variance-covariance matrix defined as follows:

M = hd f t � Dtð Þ2i hd f tð Þd f t � Dtð Þi
hd f t � Dtð Þd f tð Þi hd f tð Þ2i

� �
u hd f tð Þ2i hd f t � Dtð Þd f tð Þi

hd f t � Dtð Þd f tð Þi hd f tð Þ2i
� �

ð4Þ

Here M−1 is the inverse of M, and |M| is the determinant of M.
We assume that heart rate dynamics in phase II are stationary in the “wide-sense” (also known as “weak sense” or “covariance

stationary”when only the mean and the standard deviation of the process are constant); thus, 〈δ f(t −Δt)2〉 = 〈δ f(t)2〉, 〈δ f(t −Δt)
δ f(t)〉 = 〈δ f(t)δ f(t − Δt)〉, and therefore, the variance-covariance and transition matrices do not depend on time. Finally, the
conditional probability is defined as:

R f tð Þjf t � Dtð Þð Þ = p f t � Dtð Þ;f tð Þð Þ
p f t � Dtð Þð Þ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hdf tð Þ2i
2pjM j

s
exp � 1

2
df t � Dtð Þ;df tð Þ½ �TM�1 df t � Dtð Þ; df tð Þ½ � + 1

2
df t � Dtð Þ2
hdf tð Þ2i

( )
ð5Þ
rve and not the final value. For this reason, we assumed knowledge of the
verage prestress heart rate in phase I. Such hysteresis is commonly observed
d only the phase I prestress heart rate and phase II variability were adequate

http://www.ixellence.com
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After R(f(t)|f(t − Δt)) is normalized by column, we obtain the one–time-step transition matrix. Using this one-step transition
matrix, we can construct the Markov chain so that the probability vector P(tk) at time tk is given by

P tkð Þ = Rk � P t0ð Þ ð6Þ

Finally, the HR at time tk is an ensemble average over all N states:

hf tkð Þi =
XN
n = 1

fn � Pn tkð Þ =
XN
j = 1

XN
i = 1

fi � Rk
� �

ij � Pj t0ð Þ ð7Þ

Next, we apply the fluctuation-dissipation theorem to the stress-to-relaxation (phase II-phase III) transition. We consider the
interval of spontaneous breathing (phase II) to be a constant perturbation of the HR dynamics (the perturbation has been “on”
sufficiently long that transients have died out and the HR has reached a new steady-state [or “equilibrium” state]). The
perturbation (the demands of spontaneous breathing through an artificial tube) is then “switched off.” With a modest clinical
perturbation, the linear response theory formalism applies and can be used directly to model the HR relaxation (phase III) to the
new equilibrium (which is HR at rest, phase IV) by employing the “equilibrium” probability distributions. More specifically, we
solve the Markov chain model [Eq. (7)] for heart rate in phase III with the variance-covariance matrix M [Eq. (4)] and one-step
transition matrix R [Eq. (5)] calculated from the phase II data.

In general, Eq. (6) must be solved numerically. However, in the particular case of the assumed Gaussian probability
distributions [Eqs. (2-3)], we readily obtain an analytical solution (the complete derivation is given in Appendix C):

hf tkð ÞiIII = hf iIV + f0 � hf iIV
	 
 � rff Dtð Þ� �tk�t0

Dt = hf iIV + f0 � hf iIV
	 
 � exp � tk � t0ð Þ=Toff

� � ð8Þ

Here, f(t0) = f0 is the initial heart rate at the beginning of phase III (we denote this time as t0), 〈f〉IV is the final steady state
heart rate and tk = t0 + kΔt, using the same sampling time Δt in the phase II variance covariance matrix as in the relaxation
dynamics during the phase III.6 We also use the following notations:

rff Dtð Þ = hd f t � Dtð Þd f tð Þi
hd f tð Þ2i ð9Þ

Toff =
Dt

jln rff Dtð Þ� �j ð10Þ

3.2. Model analysis

Eqs. (8) to (10) prompt several observations. First, pure theory generated the exponential shape of HRR after the stress.
Exponentials are the empirical forms most frequently chosen for statistical fit of experimental HRR data. Second, rff(Δt) (Eq.
(9)) is a standard HRV index, namely, the correlation coefficient of Poincaré plot [return map f(t) vs. f(t −Δt)] [33-35] calculated
for HR data from the stress (phase II). Because Toff is the HRR time constant, Eq. (10) resembles Eq. (1). We thus derive
theoretically the relationship between HRV index during the stress [rff(Δt)] and the poststress HRR time constant (Toff). Finally,
note that Eq. (10) is the definition of the relaxation time of the autocorrelation function of the first-order autoregressive process
AR(1) [36] (see Appendix B). However, in contrast to the usual definition, rff and Toff in Eq. (10) belong to two processes: rff is
calculated from the microscopic fluctuations during the phase II, and Toff characterizes the macroscopic relaxation during phase
III. This connection reflects our assertion that the fluctuation-dissipation theorem is applicable: fluctuations embedded in the
variance-covariance matrix obtained during phase II are used to model the HR dynamics during phase III. The direct relation of
the Eq. (10) to the AR(1) autocorrelation function and fluctuation-dissipation theorem is elaborated in Appendix A.

Poincaré plots for different values of the sampling time Δt are related to the so-called lagged Poincaré plots [35]7,8.
6 The difference Δf = f0−〈f〉IV that appears in Eq. (8).is often called the HR reserve [14].
7 Note that by changing the sampling time Δt, one can obtain a set of relaxation times Toff. Such a strategy yields “coarse graining” and provides for

multiscale HRR analysis [37] (see also Appendix B).
8 Selection of the sampling time Δt requires careful consideration, since it is directly related to the interpretation of Eq. (10). We model HR dynamics as a

Markov chain with Gaussian transition probabilities. Thus, the variance-covariance matrix M fully describes the modeled process. So if any resampling is
used, the variance-covariance matrixM of the resampled dataset should be similar to those of the original, “raw” heart rate data. This is especially important for
the covariance term M21, which captures “one-step” fluctuations of the heart rate. The raw HR is an intrinsically discrete, point process (“spike-train”). For the
raw HR data (or for relatively large Δt), M21 reflects real heart rate fluctuations. However when Δt is very small, M21 reflects mostly one-step fluctuations of
the interpolated data points, which begins to reflect the variability of the interpolation method rather than the original HR. The parameter Δt must therefore be
chosen large enough for the Markov approximation to be valid. The resampling frequency (Δt−1) should not be significantly larger than the maximum HR.
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In addition, one can obtain relationship identical to Eq. (10) between the time constant (Ton) of R-R interval decrease at the
onset of stress (“on response”) and the correlation coefficient of the Poincaré plot of prestress R-R intervals:

Ton =
Dt

jln rRR Dtð Þ½ �j ð11Þ

3.3. Numerical solution and simulation

We confirmed our theoretical results [Eq. (10)] by direct numerical solution of Eq. (6) using the HR data recorded during and
after the SBT. Below we describe the details of our simulations.

First, we defined the range of heart rate fluctuations. Typically HR varied from 0.5 Hz (30 beats per minute) to 3 Hz (180
beats per minute). We set fmin = 0.5 Hz (30 beats per minute) for nearly every patient to account for occasional bradycardia. In
order to keep the transition probabilities symmetric, we defined maximum heart rate as fmax = 2〈fj〉−fmin, where 〈fj〉 is the mean
heart rate for jth data set in phase IV (j = 1,…,20). Thus fmax is different for different data sets and varies from 1.5 to 3.5 Hz.

Next, we divided the range [fmin, fmax] of into N = 400 equally spaced bins, so each of these bins defines a state Sn in
our model9:

Sn = Smin + nL; ð12Þ
Here, n = 1,…,N, L is the bin size defined as L = (Smax − Smin)/N, Smin = fmin, and Smax = fmax. Then, we discretized our time

series and interpolated the time series so that if at a moment of time t, the heart rate f(t) is within nth bin, then we put

f tð Þ = Sn � 0:5 � L ð13Þ

Thus, the N×N matrix R [Eq. (5)] defined the one step conditional probability density for the transition from the current state
Sn to the state Sm for the unit time step, Δt, where Δt is the inverse average HR for the data set: Δt = 〈f〉−1.

The initial probability distribution P(t0) is defined as follows. If the heart rate at the initial moment of time t0 (at the beginning
of the phase III) was in the mth bin, then the nth elements of the P(t0) vector are defined as follows: Pn(t0) = δn,m, n = 1,N (ie, a
Kronecker δ symbol such that all vector components are equal to zero, except the mth component, which is equal to 1).

Finally, our prediction of heart rate at the time tk during phase III is the ensemble average over all states S:

hf iS tkð Þ =
XN
n = 1

Sn � 0:5 � Lð Þ � Pn tkð Þ ð14Þ

4. Results: prediction of the HRR after SBT It is, however, not quite correct to compare the prediction
We accurately predicted the heart rate relaxation for 17 of
20 data sets (meaning that we succeeded in predicting nearly
all of the data points). For some HRR data sets, we succeeded
in predicting most of the data points. However, these data sets
had “spikes” (impulses) thatwewere unable to predict. Finally,
some data sets failed to predict most of the points and therefore
failed to predict the shape of the decay (see, eg, Fig. 2).

To estimate the accuracy of the model prediction, we cal-
culated (see Table 2)mean absolute percentage error (MAPE):

edm =
1
K

XK
k = 1

jfdata kð Þ � fmod kð Þj
jfdata kð Þj � 100k ð15Þ

Here, fdata and fmod are observed and predicted heart rates,
respectively, and K is the number of data points. The MAPE
error is proportional to the distance (in L1 norm) between
fdata and fmod vectors (data sets).
9 Not all bins will be occupied. Among our patients, from 28.5% to
90.5% of the bins were unoccupied.
directly to the observed relaxation data since our model can
predict only exponential relaxations [in the form of Eq. (8)].
Because the “best exponent” that can describe HRR data sets
is the exponential fit of these data sets, the best prediction one
can get with our model must be very close (or identical) to the
exponential fit. Thus, in order to estimate the prediction error
more accurately, we decomposed the total error edm into 2
parts: edf, the distance (MAPE error) between observed HR
data sets and their exponential fits, and emf, the distance
(MAPE error) between predicted HR and exponential fit of
observed HR data sets (Table 2). The emf gives the actual
the accuracy of the prediction, while edf is a “systematic”
error (due to our assumption of the exponential shape of
HRR). By optimizing model parameters, one can minimize
the emf error (the prediction will be very close to the
exponential fit), but the edf error cannot be minimized (some
of the HRR have obvious non-exponential shape, see, eg,
Fig. 2). So, in the case of nonexponential relaxation, the
model simply cannot reproduce it, no matter how accurate the
model parameters. In such cases, the edf error (and as a
consequence edm error) will necessarily be large. Thus, edf can
be viewed as a measure of nonexponentiality of the HRR.



Fig. 2 Heart rate of the patient P05 during the 2 h time interval (before, during and after the SBT) (top, solid line). Markov chain model
prediction of the heart rate relaxation in phase III (top, dashed line). Respiration rate of the patient P05 during the same time interval (bottom,
solid line). Arrows on the time axis (at the bottom) indicate the beginning and the end of SBT.
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We observed a negative correlation (Spearman ρS =
−0.625, P = .003) between the total accuracy of the
prediction edm and the patients sedation level (Fig. 3). All
of the patients for whom HRR was successfully predicted
were either sleeping long-term tracheostomy patients at least
somewhat sedated with one of the two common sedating
drugs (propofol, midazolam) (see Table 1). The patients for
whom our model failed were incompletely sedated patients
with an endotracheal tube traversing the vocal cords.
Table 2 Relaxation time constants of the heart rate relaxation
in phase III and MAPE errors a

Patient Data set Tfit, s Tmodel, s emd, % edf, % emf, %

P01 D01 1703.87 659.51 1.83 1.77 0.81
P02 D02 663.57 627.92 1.03 1.03 0.11
P03 D03 1299.71 1517.12 2.98 1.67 2.04
P04 D04 59.21 51.94 2.19 2.07 0.89
P05 D05 451.06 448.60 2.59 2.41 0.46
P06 D06 127.32 71.69 1.35 1.21 0.75
P07 D07 260.82 342.23 1.05 0.90 0.44
P08 D08 353.48 281.63 1.73 1.64 0.97

D09 117.33 92.89 2.59 2.81 0.55
D10 192.60 253.10 3.71 3.43 1.30

P09 D11 5643.34 793.37 4.13 0.44 4.14
P10 D12 41.24 30.88 1.18 1.17 0.24
P11 D13 66.53 53.98 1.69 1.39 1.05
P12 D14 201.21 173.51 0.77 0.58 0.58

D15 42.63 31.76 2.35 1.90 2.05
P13 D16 689.66 750.89 2.35 2.28 0.86

D17 1799.21 131.14 3.30 1.60 2.78
P14 D18 231.00 218.73 3.65 2.96 1.60
P15 D19 284.17 6.19 5.21 4.21 2.89
P16 D20 381.97 421.54 1.83 1.67 0.57

a Tfit, exponential fit of observed HR data sets; Tmodel, model
prediction, Eq. (10); emd, L1 distance (MAPE error) between
observed HR and predicted HR data sets; edf, L1 distance (MAPE
error) between observed HR data sets and their exponential fits; emf,
L1 distance (MAPE error) between predicted HR and exponential fit
of observed HR data sets.
Interestingly, we also observed a negative correlation
(Spearman ρS = −0.446, P = .049) between the edf error and
the sedation level (Fig. 4). This observation indicates that the
more patients are sedated the closer is their HRR to an
exponential. This explains why our model can better predict
HRR of the sedated patients. Indeed, an alternative
interpretation of our Markov chain model [Eq. (8)] is that
it attempts to predict an optimal exponential fit of the actual
heart rate relaxation dynamics.

In fact, because our model can predict only exponential
relaxations and since both initial and final values of the heart
rate, f0 = f(t0) and 〈f〉IV, are given as the input to our model
(they are taken from the data in phases II and IV,
respectively), the sole prediction generated is the relaxation
time, Toff [Eq. (10)]. Thus, another way to estimate the
quality of the model predictions is to compare the predicted
HRR time constants Tmodel with the corresponding time
constants Tfit obtained from the exponential fit of the actual
Fig. 3 Scatter plot of the patient's sedation level and the total
prediction error, emd (the distance between predicted and actual HR
data sets). Spearman correlation coefficient ρS = −0.625 (P = .003).



Fig. 4 Scatter plot of the patient's sedation level and the error of
the exponential fit of observed HR data sets, edf (the distance
between observed HR data sets and their exponential fits).
Spearman correlation coefficient ρS = −0.446 (P = .049).

354 Y. Lu et al.
HRR data. The values of Tmodel and Tfit for all 20 data sets
are presented in Table 2, and scatter plot of Tmodel vs. Tfit is
shown on Fig. 5. The Fig. 5 clearly shows that most of the
points lie along the diagonal of the scatter plot except the
three outliers that correspond to the data sets D01, D11, and
D17. There is a significant correlation between the predicted
and observed time constants (Pearson correlation coefficient
R = 0.484, P = .030); when the 3 outliers are removed, the
correlation becomes nearly perfect (R = 0.975, P b 10−3).

5. Discussion

5.1. Markov chain model and the linear
response approximation

We have used Markov Chain theory to derive the
relation between poststress HRR time constants and a
simple time domain measure of HRV during “steady-state”
Fig. 5 Scatter plot of the predicted HRR time constants Tmodel [Eq. (10)
HRR data sets. Most of the data points lie along the diagonal. The outliers
coefficient (without outliers) R = 0.975 (P b .001).
stress [Eq. (10)]. This relation was derived under Gaussian,
one-step memory assumptions and connects two linear
measures of the HR dynamics. These assumptions limit the
model.

1. The model postulates a Gaussian probability distribu-
tion for the HR. Here, the model produced an
exponential decay (HRR)—a typical linear response.
The correlation coefficient of the Poincaré plot is also a
Gaussian measure of a time series (even if the Poincaré
plot itself is a nonlinear representation of the data) and
can be expressed in terms of the standard Gaussian
time-domain measures of HR time series: variance
(SDNN) and covariance (SDSD) [35].

2. The Markov chain model contains a one-step memory
approximation. In our case the model further postulates
Gaussian probability distributions for the HR, a
postulate that makes the analytical calculations
possible but is known to be incorrect; HR distributions
over very long time intervals (much longer than the
SBT) more typically approximate a Lévy flight [39].

This oversimplified Gaussian, one-step memory frame-
work nevertheless produced useful predictions for most—but
not all—data sets. The most glaring model failure (where the
HRR appeared to be a combination of a power law with
almost linear decay instead of the exponential form) is shown
in Fig. 2 (patient P09). The curvatures of the actual data and
our prediction have opposite signs: the patient's HRR is a
convex function of time, whereas the prediction is always
exponential and thus always concave. More generally, the
simplifications of the model mean that every HRR dynamic
with this convex curvature will defy prediction. Why the
HRR displays opposite curvature is unknown. Nevertheless,
the nonexponential HRR phenomenon has been observed in
other models of cardiac stress, including standard treadmill
exercise tests. For example, it was found in Ref. [14] that the
first order exponential fit systematically failed to capture the
actual character of HRR dynamics in their patients, and thus,
] vs. time constants Tfit obtained from the exponential fit of observed
correspond to the data sets D01, D11 and D17. Pearson correlation
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a second order exponential fit was selected.Where the ANS is
disrupted (such as in cardiac transplant patients), HRR
appears to be linear [38].

Our finding that the accuracy of the model prediction
appears to be negatively correlated with the patient
sedation level may in fact be directly related to the use
of Markov chain one-step memory approximation. It is
understood that normal (healthy) physiological dynamics
(including HR dynamics) has long range (time) memory
[39]. In contrast, the HR dynamics during a disease or
aging loses its “complexity” [40,41] and becomes a shorter
range memory process. A Markov Chain approximates a
short range (one-step) memory dynamics. Since sedation
“disconnects” higher brain regulation from cardiac and
respiratory systems, it is possible (see Refs. [42-45]) that
the “uncoupled” heart dynamics indeed becomes a process
with a short range memory. Thus, strongly sedated patients
become more “Markovian”; we speculate this is why our
linear response approximations work better for these
patients. This speculation is at least consistent with the
recent results of Yulmetyev et al [46] who developed a
quantitative measure of non-Markovity, applied it to the
HRV analysis [47] and demonstrated that the degree of HR
Markovity is significantly higher in elderly as compared to
young people [48].

Another assumption used in our Markov Chain model is
the “weak-sense” stationarity of the HR data (stationarity of
mean and standard deviation). It is also possible that the HR
dynamics of strongly sedated patients are more stationary,
and that is the reason why the model predictions are better for
these patients. A systematic study (with larger number of
data sets) that would include formal statistical tests of
Markovity (such as developed in [46-48]), stationarity, and
Gaussian statistics is needed in order to determine the
violation of which assumption, namely, long-range memory,
strong nonstationarity, or significant non-Gaussian statistics
contribute most to the model failure.

Finally, the use of linear response theory assumes that the
stress is relatively modest, or that probability distribution is
Gaussian. Eq. (8) may not be valid in case of HRR beyond
some threshold level of stress or whenever ANS tone
modulates HR too strongly. Thus, the exact scope of the
validity of Eq. (8) remains to be established.

5.2. Model verification

The HR data we used to test our theoretical predictions
have limitations on clinical generalizability. For this pilot
study, the data were collected from a convenience cohort.
The cohort was small (16 patients) and inhomogeneous with
respect to age, sex, ethnicity, and indication for ICU
admission. More experimental data are needed to validate
theory, perhaps including the HR data from experimental
exercise ergometry obtained from both healthy subjects as
well as those with acute and chronic diseases affecting the
cardiovascular system. Such ambulatory subjects have more
robust physiologies than patients on life support in intensive
care units.

As noted, it is not straightforward to compare our
theoretical predictions [Eq. (10)] with the available experi-
mental results from (for example) treadmill stress tests
because in nearly all previous studies ([49] is an exception),
the statistical analysis has been done on the heart period
(interbeat or R-R-interval) data, not on HR (instantaneous
frequency) itself. Because the relationship between HR and
R-R intervals is reciprocal and, thus, inherently nonlinear,
any HRV indices (eg, Poincaré plot or power spectra)
calculated from R-R intervals could well be different from
the same HRV indices calculated from HR (see, eg, Ref. [22]
and references therein). Additional analysis of both our
model and of data is required in order to verify and extend
our theoretical results and also to establish the interval over
which Eq. (10) is valid.

5.3. Additional considerations

We note that if stress is sufficiently long, it is possible to
compute the probabilities [Eqs. (2-3)] directly from the HR
data sets (eg, from 2D histogram f(n) vs. f(n + 1), which is
yet another representation of the Poincaré plot) and thereby
avoid assumptions about Gaussian probability distribution,
solve the propagation equation Eq. (6) numerically (with an
“empirical” transition matrix R) using the approach
described in the Section 3.3. Even our present approach
completely individualizes the prediction for HRR of any
given patient after a given stress. This becomes a
physiological instance of “personalized medicine.”

Using the proposed approach, one could extract new
information from the data obtained from traditional stress
tests or other perturbations. We note that the method is
not limited to the analysis of the HR. Rather, it can be
applied to analyze the response of other physiological
signals (eg, blood pressure or respiration) to many
different perturbations (eg, drugs). Other SBT-related
responses that can be analyzed with our method include
minute ventilatory recovery time (VERT) after the SBT,
which recently was established as a predictor of extuba-
tion outcome [50-52].
6. Conclusions

In summary, we developed a Markov chain model of HR
dynamics during and after a physiologic stress. We obtained
an analytical solution that connects the poststress HRR time
constant and an index (correlation coefficient of HR Poincaré
plot) of HRV during a steady-state stress. We tested this
relationship with the data we recorded during the SBTs in
mechanically ventilated critically ill patients. For 17 out of 20
of the SBTs, we were able to correctly predict the post-SBT
HRR time constants using HRV during the SBT. The method



Fig. 6 Heart rate 〈f(t)〉 of the patient P05 (top) and the schematic
representation of the stress (perturbation) function B(t) (bottom)
used in derivation of the Eq. (10) from the fluctuation-dissipation
theorem (see Appendix A).
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used here to predict physiologic dynamics may be applicable
to other reversible stresses and other physiologic systems.

Appendix A. Derivation of the relationship
between HRR and HRV from the
fluctuation-dissipation theorem

In this appendix, the relation between poststress recovery
of heart rate (heart rate recovery, HRR) (phase III) and HRV
during the stress (phase II) is derived using the fluctuation-
dissipation theorem.10

We consider a stress (phase II) as a constant perturbation
of the HR dynamics f(t) that has been “on” for a rather long
(“infinite”) time (so the HR has reached a steady-state during
the stress) and is then switched off at time t0 (end of the
stress, see Fig. 6). Then the HR relaxes (phase III) to the new
steady-state (which is HR at rest, phase IV). Thus we assume
that HR in both phase II and in phase IV are at steady state.

We can describe the termination of the stress as a
step-off function:

B tð Þ = B0h � t � t0ð Þ½ � = B0h t0 � tð Þ ðA1Þ

where θ is a Heaviside function and B0 = const is the stress
intensity.

Provided that the perturbation (stress intensity) B0 is
small, one can apply the fluctuation-dissipation theorem and
express the relaxation from the stress (HRR) (phase III)
as [25,53]:

hf tkð ÞiIII = hf iIV +
B0

kT
� hd f tð Þd f t + tkð ÞiII ðA2Þ

where 〈f〉IV = const is average HR in the phase IV (at steady-
state), C(tk) = 〈δ f(t)δ f(t + tk)〉II is the autocorrelation
(autocovariance) function during phase II (also steady-state),
and tk = t0 + kΔt.
10 This approach rests on the assumption that there is an underlying,
effective, time-independent Hamiltonian for the HRV, which predicts
steady-state behavior at long-times. This assumption is less restrictive than
the Gaussian, Markov assumption of the main text. For a non-Gaussian
process, the predictions of the fluctuation-dissipation theorem, however, are
limited to small perturbations.
By analogy to the temperature of a fluctuating physical
particle, the “thermal energy” of HR fluctuations (HRV) can
be written as:

kTfr2f = hd f 2i ðA3Þ

(the “width” of the HR distribution, rff
ffiffiffiffiffiffi
kT

p
). We can

define the stress intensity as

B0cDf = hf iII � hf iIV ; ðA4aÞ

where 〈f〉II and 〈f〉IV are average (expectation value) HRs in
phase II and in phase IV respectively. This is actually the
simplest definition of the stress intensity, namely the
difference between the current HR and the baseline (HR at
rest). Because theHR in phase II is at steady-state, the average
〈f〉II does not depend on time, so 〈f〉II≈〈f(t0)〉II≈f0 and

B0cDf = f0 � hf iIV ðA4bÞ
Note that these “intuitive” definitions of the stress level B0

(A4) and the thermal energy kT (A3), are consistent and, in
fact, are not independent: at the time moment tk = t0
(beginning of HRR), the autocorrelation function is C(t0) =
〈δ f2〉 ≡ σf

2 and the Eq. (A2) becomes:

f0 = hf iIV +
B0

kT
� r2f ðA5Þ

So if we postulate one of the definitions [Eq. (A3) or Eqs.
(A4a, A4b)] the other one can be obtained from the Eq. (A5)
(initial conditions). Thus, Eq. (A2) becomes:

hf tkð ÞiIII = hf iIV + f0 � hf iIV
	 
 hd f tð Þd f t + tkð ÞiII

hd f 2iII
ðA6Þ

The challenge of calculation of the HRR is thereby
transformed into the simpler challenge of calculation of
the HR autocorrelation function. The challenge is
“simpler” because autocorrelation functions are known
for common processes.

The exponentially decaying autocovariance function
(used in the main text of the article) can be written as (see,
eg, Ref. [36])C(k) = 〈δ f(n)δ f(n+ k)〉II =σf

2rk. Note thatC(0) =
σf

2≡ 〈δ f
2
〉II and so r=

C 1ð Þ
C 0ð Þ =

hd f nð Þd f n + 1ð ÞiII
hd f2i or, in terms of

time steps: rff Dtð Þ= hd f tð Þd f t + Dtð Þi
hd f2i u hd f t�Dtð Þd f tð Þi

hd f2i This
leads to a discrete expression:

hf kð ÞiIII = hf iIV + f0 � hf iIV
	 
 � rk ðA7Þ

or, in terms of time steps,

hf tkð ÞiIII = hf iIV + f0 � hf iIV
	 
 � rff Dtð Þ� �tk�t0

Dt ðA8Þ
Or, equivalently,

hf tkð ÞiIII = hf iIV + f0 � hf iIV
	 
 � exp � tk � t0ð Þ=Toff

� � ðA9Þ
where

Toff =
Dt

jln rff Dtð Þ� �j ðA10Þ
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Appendix B. On the relationships among Poincaré plots, Markov Chains and first-order
autoregressive processes

In this appendix we provide a concise summary of the main mathematical concepts used in the paper and emphasize the
connections between them.

A Poincaré plot (a standard method of the HRV analysis) is usually defined as a set of points (RRk, RRk+1) so each point
corresponds to two consecutive R-R intervals. More specifically, the original sequence of R-R intervals (RR1, RR2, …, RRK − 1,
RRK) is used to construct two sequences, RRx = (RR1, RR2,…, RRK − 1) and RRy = (RR2, RR3,…, RRK). The plot of RRx vs RRy

is then called a “Poincaré plot.” The version of the Poincaré plot we used in the paper has two modifications. First, instead of
plotting R-R intervals, we plot HR intervals which are the inverse values: HRk = 1/RRk. Second, instead of using the “raw”
sequence of HR, we interpolate them at the constant sampling rate, (Δt)−1. For clarity, we use the notation fk ≡ f(tk) (instead of
HRk) for the interpolated HR. We choose the sampling rate to be equal to the mean HR, so Δt = 〈f〉−1. The Poincaré plot of f(tk)
vs f(tk + 1) ≡ f(tk + Δt) is shown in Fig. 7 (center).
Fig. 7 On the relationship between the Poincaré plot and Markov Chain model (see Appendix B for details). Poincaré plot of the
consecutive interpolated HR intervals (patient P05) {inset: definition of the Pearson correlation coefficient of the Poincaré plot [Eq.
(9)]} (center). Projections of the data points to the axes of the Poincaré plot: HR probability distributions [Eq. (2)] (top and left).
Representation of the Poincaré plot as a 3D histogram (bottom). The vertical axis defines the “one-step” joint probability
distribution [Eq. (3)].
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Pearson correlation coefficient of the Poincaré plot is defined as the correlation coefficient between RRx and RRy data sets
(“one step correlation”). In our notation, the correlation coefficient is [compare to the Eq. (9) in the article]:

rffu
cov fk ; fk + 1ð Þ

rfkrfk + 1

=
h f tkð Þ � hf ið Þ f tk + Dtð Þ � hf ið Þi

r2f
=
hdf tkð Þ � df tk + Dtð Þi

hdf 2i ðB1Þ

Projections of the data cloud on the x and y axes (the histograms on the top and left of the Poincaré plot on the Fig. 7) define the
probability distributions of, respectively, f(tk) and f(tk +Δt). These probability distributions {p[f(tk)] and p[f(tk +Δt)]} were used in
ourMarkovChainmodel [Eq. (2)] where theywere assumed to be identical and haveGaussian shapes (normal distributions). Note
that the same assumptions are used in the HRVanalysis, where the RRk, and RRk + 1 histograms are assumed to be identical and are
characterized only by their mean and standard deviation (which is essentially the assumption of their normality).

It is possible to visualize the Poincaré plot as 3D histogram [see Fig. 7 (bottom)]. In such a representation, the height of the
histogram bar represent the relative number of times that a pair of consecutive R-R (or HR) values were found in the data set (see,
eg, Ref. [54]). Thus, the 3D representation of the Poincaré plot defines the joint probability distribution p[f(tk), f (tk +Δt)] used in
the Markov Chain model [Eq. (3) in the article]. In our model, this probability was assumed to be a 2D Gaussian, which roughly
corresponds to the shape of the actual data (see the Fig. 7) and also is a consequence of our previous assumption about the
normality of the individual probability distributions p[f(tk)] and p[f(tk + Δt)].

If the HR data set is sufficiently long, both single and joint probability distributions can be calculated directly from the data
(using the Poincaré plot) without the assumptions about the normality of these distributions. Thus, the Poincaré plot (in its 3D
form) of a dynamical system contains all the information needed to construct both single and joint probability distributions and
thus to build Markov Chain model of that dynamical system.

Note that the Eq. (3) for the joint probability distribution p[f(tk), f(tk + Δt)] is an instance of the joint probability
distribution p(x,y) of 2 Gaussian random variables, x and y:

p x; yð Þ = 1

2prxry
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p exp � 1
2 1� r2ð Þ

x� hxið Þ2
r2x

� 2r x� hxið Þ y� hyið Þ
rxry

+
y� hyið Þ2

r2y

" #( )
ðB2Þ

where r= cov x;yð Þ
rxrx

is the coefficient of correlation between x and y. If we put x = f(tk) and y = f(tk + 1) ≡ f(tk + Δt) (so that 〈x〉 =
hy〉 = h f i and σx = σy = σf ), we obtain Eq. (3) of the main paper for one-step joint probability. The Eq. (B3) [in the form of
Eq. (3)] is used to fit the ellipse to the HR Poincaré plot (in order to calculate the main axes SD1 and SD2 see [35] for the
discussion).

Finally, we show the connection of the correlation coefficient of the Poincaré plot to the 1st order autoregressive process AR
(1). Assume that the heart rate dynamics can modeled by AR(1), that is:

df tk + 1ð Þ = r � d f tkð Þ + n tkð Þ ðB3Þ
Here r is the AR(1) parameter, ξ is a noise term [36], tk = kΔt, andΔt is a step size. The autocovariance function of the AR(1)

process can be written as [36]:

C tkð Þ = hd f tð Þd f t + tkð Þit = r2f � r
tk
Dtur2f � exp �tk=Toff

	 
 ðB4Þ
where

Toff =
Dt
jlnrj ðB5Þ

Note that C(t0) = σf
2 ≡ 〈δ f 2〉II and thus r= C t1ð Þ

C t0ð Þ =
hd f tð Þd f t + Dtð Þi

hd f2i urff Dtð Þ. So the correlation coefficient of the Poincaré
plot [f(tk) vs. f(tk + 1)] can be viewed as a parameter of the corresponding AR(1) process and also defines the relaxation time of the
autocovariance (autocorrelation) function of that process [compare Eq. (B5) to the Eq. (10) in the article]. In this case Toff also
characterizes relaxations of “microscopic” fluctuations (HRV) of the HR dynamics at rest11.

Since AR(1) is a Markov Process, both AR(1) and Markov Chains have the same “one-step memory”: the value at the
next step f(tk + 1) depends only on the value at the current step f(tk) but not on the previous steps. This also is the reason
why they both are related to the Poincaré plot, which is used to visualize the correlation between consecutive R-R (or HR)
intervals (“one-step correlation”).
11 This result reflects the famous Onsager “regression hypothesis” [25] (the physical basis of the fluctuation dissipation theorem): the same Toff characterizes
both the decay of spontaneous “microscopic” fluctuations (HRV) of the HR at rest and “macroscopic” relaxation (HRR) of the HR to a new steady-state after a
relatively small perturbation.
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The approaches described above can be applied to the analysis of HR resampled at different frequencies (Δt)−1 and a
sequence of the Poincaré plots and the corresponding relaxation times Toff can be constructed. Note that this approach is different
from the so-called “lagged” Poincaré plot method [35] where the values [f(tk) vs f(tk + m)] are plotted. In our case the Poincaré
plot is always “the first return map” [f(tk) vs f(tk + 1) ≡ f(tk + Δt)], but the sampling time interval Δt varies (so Poincaré plots at
different sampling times have different number of points). It is also somewhat different from the widely used “coarse-graining”
approach [37] because we use interpolation instead of coarse-graining. It remains to be seen whether any new useful information
regarding HRR or HRV in general can be obtained using such a multiscale analysis (see Ref. [55] for the application of this
approach to the analysis of the dynamics of an abstract mathematical model).

Appendix C. Derivation of Eq. (8)

We have used the following notations (see the main text):

R =RV� df ; fi = Si � 0:5 � Lð Þ; dfi = fi � hf i; v 0ð Þ = hdf tð Þ2i; v 1ð Þ = hdf t � Dtð Þdf tð Þi

The Eq. (7) reads:

hf tkð Þi =
XN
n = 1

fn � Pn tkð Þ =
XN
j = 1

XN
i = 1

fi � Rk
� �

ij � Pj t0ð Þ;where tk = t0 + kDt;P tkð Þ =Rk � P t0ð Þ

Suppose f (t0) = fj, then Pn(t0) is defined as follows: Pn(t0) = 1 for n = j and 0 elsewhere. n,j = 1,…,N.

First we calculate one-step sum
PN
i = 1

fi � Rk
� �

ij
k= 1ð Þ:

XN
i = 1

fi � RðfijfjÞ =
Z fN

f1

ðdfi + hf iÞ � RVðfijfjÞdðfiÞ

i
Z l

�l
ðdfi + hf iÞ � RVðfijfjÞdðdfiÞ

= hf i +
Z l

�l
ðdfi � RVðfijfjÞdðdfiÞ

= hf i +
Z l

�l
ðdfi �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
vð0Þ
2pjM j

s
exp � 1

2½v2ð0Þ � v2ð1Þ� ½vð0Þðd
2fj + d2fiÞ � 2vð1Þd fjd fi� + 1

2

d2fj
vð0Þ

� �
dðdfiÞ

= hf i +
ffiffiffiffiffiffiffiffiffiffiffiffiffi
vð0Þ
2pjM j

s
�
Z l

�l
y � exp � vð0Þ

2½v2ð0Þ � v2ð1Þ� y� vð1Þ
vð0Þ � dfj

� �2( )
dy

= hf i +
ffiffiffiffiffiffiffiffiffiffiffiffiffi
vð0Þ
2pjM j

s
�
Z l

�l
y� vð1Þ

vð0Þ � dfj
� �

� exp � vð0Þ
2½v2ð0Þ � v2ð1Þ� y� vð1Þ

vð0Þ � dfj
� �2( )

dy

+
vð1Þ
vð0Þ � dfj �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
vð0Þ
2pjM j

s
�
Z l

�l
exp � vð0Þ

2½v2ð0Þ � v2ð1Þ� y� vð1Þ
vð0Þ � dfj

� �2( )
dy

Denote z= y� v 1ð Þ
v 0ð Þ � dfj

I = hf i +
ffiffiffiffiffiffiffiffiffiffiffiffiffi
v 0ð Þ
2pjM j

s
�
Z l

�lV
z � exp � v 0ð Þ

2 v2 0ð Þ � v2 1ð Þ½ � � z
2

� �
dz

+
v 1ð Þ
v 0ð Þ � dfj �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
v 0ð Þ
2pjM j

s
�
Z l

�lV
exp � vð0Þ

2½v2ð0Þ � v2ð1Þ� � z
2

� �
dz

Using the following identitiesffiffiffiffiffiffiffiffiffiffiffiffiffi
v 0ð Þ
2pjM j

s
�
Z l

�lV
exp � v 0ð Þ

2 v2 0ð Þ � v2 1ð Þ½ � � z
2

� �
dz = 1;

Z l

�lV
z � exp � v 0ð Þ

2 v2 0ð Þ � v2 1ð Þ½ � � z
2

� �
dz = 0
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We obtain I = hf i + v 1ð Þ
v 0ð Þ � dfj

At the arbitrary step k, we get:
PN
i = 1

fi � Rk fijfj
	 
� = hf i + v 1ð Þ

v 0ð Þ
h ik

� dfj
Finally, using Eq. (7), we obtain:

hf tkð Þi =
XN
j = 1

XN
i = 1

fi � Rk
� �

ij � Pj t0ð Þ

=
XN
j = 1

v 1ð Þ
v 0ð Þ
� �k

� dfj + hf i
( )

� Pj t0ð Þ
XN
j = 1

dfj � Pj t0ð Þ =
XN
j = 1

fj � hf i	 
 � Pj t0ð Þ = f t0ð Þ � hf i
 !

= hf i + v 1ð Þ
v 0ð Þ
� �k
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